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Abstract 

We introduce the notion of Kaliler manifolds that are almost Ein- 
stein and we define a generalized mean curvature vector field along 
submanifolds in them. We prove that Lagrangian submanifolds re- 
main Lagrangian, when deformed in direction of the generalized mean 
curvature vector field. For a Kahler manifold that is almost Einstein, 
and which in addition has a trivial canonical bundle, we show that the 
generalized mean curvature vector field of a Lagrangian submanifold 
is the dual vector field associated to the Lagrangian angle. 

1 Introduction 

In a Calabi-Yau manifold with parallel holomorphic volume form there 
is a distinguished class of submanifolds called special Lagrangian subman- 
ifolds. These are oriented Lagrangian submanifolds, which are calibrated 
with respect to Re fi. Special Lagrangian submanifolds have received a 
lot of attention since the work by Strominger, Yau and Zaslow [14], where 
mirror symmetry is related to special Lagrangian torus fibrations. 

The notion of special Lagrangian submanifolds can be generalized to the 
case when the ambient manifold is almost Calabi-Yau. An almost Calabi- 
Yau manifold is a Kahler manifold together with a non- vanishing, not neces- 
sarily parallel, holomorphic volume form. A nice property of almost Calabi- 
Yau manifolds is that they appear in infinite dimensional families, i.e. the 
moduli space of almost Calabi-Yau structures is infinite dimensional, while 
Calabi-Yau structures only appear in finite dimensional families due to the 
theorem of Tian and Todorov [16] . |17] and Yau's proof of the Calabi conjec- 
ture ^20j. Choosing a generic almost Calabi-Yau metric is therefore a much 
more powerful thing to do than choosing a generic Calabi-Yau metric and, as 
in the study of moduli spaces of J-holomorphic curves, this could be of im- 
portance for the study of moduli spaces of special Lagrangian submanifolds 
as conjectured by Joyce in f^. Another nice feature of almost Calabi-Yau 
manifolds is that explicit almost Calabi-Yau metrics on compact manifolds 
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are known, while there are no non-trivial Calabi-Yau metrics on compact 
manifolds explicitly known. For instance a quintic in CP^ equipped with the 
restriction of the Fubini-Study metric is an almost Calabi-Yau manifold. 

Special Lagrangian submanifolds in (almost) Calabi-Yau manifolds have 
been studied extensively by many authors but up to date there is no gen- 
eral method known how to construct examples of special Lagrangian sub- 
manifolds. However, since special Lagrangian submanifolds are calibrated 
submanifolds they are volume minimizing in their homology class and one 
is tempted to construct special Lagrangian submanifolds by mean curvature 
flow of Lagrangian submanifolds. The existence of the Lagrangian mean 
curvature flow in Kahler-Einstein manifolds was first proved by Smoczyk 
Smoczyk shows that the mean curvature flow of a given compact La- 
grangian submanifold remains Lagrangian as long as the flow exists. Thus 
the problem is to find conditions such that the Lagrangian mean curvature 
flow exists for all time and converges to a special Lagrangian submanifold. 
One attempt to this was done by Thomas and Yau fl5l . where they conjec- 
ture that a Lagrangian submanifold satisfying a certain stability condition 
converges smoothly by Lagrangian mean curvature flow to a non-singular 
special Lagrangian submanifold in the same homology class. In general 
there are two problems occurring. Firstly one expects that the evolving La- 
grangian submanifold develops a finite time singularity. There are only a 
few longtime convergence results known for Lagrangian mean curvature flow, 
for instance by Smoczyk [10], Smoczyk and Wang [13] and Wang [18]. The 
second problem which occurs is that there exist Lagrangian submanifolds 
without regular Lagrangian volume minimizers in their homology classes. 
Examples of such Lagrangian submanifolds were found by Wolfson in [19] . 

In this paper we introduce the notion of Kahler manifolds that are al- 
most Einstein (in particular, these contain the class of almost Calabi-Yau 
manifolds), and we define a generalized mean curvature vector field along 
submanifolds in them. We show that Lagrangian submanifolds remain La- 
grangian under deformation in direction of the generalized mean curvature 
vector field and we obtain a generalized version of Smoczyk's result. There- 
fore we call the deformation of Lagrangian submanifolds in direction of the 
generalized mean curvature vector field a generalized Lagrangian mean cur- 
vature flow. We show that the generalized Lagrangian mean curvature flow 
is the negative gradient flow of the volume functional of some conformally 
rescaled metric. Moreover, if the ambient manifold is almost Calabi-Yau, 
then we prove that the one-form associated to the generalized mean cur- 
vature vector field of a Lagrangian submanifold is the differential of the 
Lagrangian angle. As a consequence we show that if the initial Lagrangian 
has zero Maslov class, then the generalized Lagrangian mean curvature flow 
can be integrated to a scalar equation. 

We remark here that recently, after the flrst version of the present pa- 
per, Smoczyk and Wang showed that in every almost Kahler manifold that 
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admits an Einstein connection there exists a generalized mean curvature vec- 
tor field with the property that Lagrangian submanifolds remain Lagrangian 
under the deformation in its direction. The generalized Lagrangian mean 
curvature flow introduced by them contains ours in Kahler manifolds that 
are almost Einstein as an example (see jl2| for more details). 

The author would like to thank his supervisor Dominic Joyce for pointing 
out this problem to him, for discussions about it, and for several corrections. 
This work was supported by a Sloane Robinson Graduate Award of the 
Lincoln College, by a scholarship of the British Chamber of Commerce in 
Germany, and by an EPSRC Research Studentship. 



2 Lagrangian mean curvature flow in Kahler-Einstein 
manifolds 

We first recall the definition of the mean curvature flow. Let M be a Rie- 
mannian manifold and let be a submanifold of M given by an immersion 
Fq : N — > M . Throughout this paper the term submanifold will mean an 
immersed submanifold. The second fundamental form of N is defined by 

= vr.jv {VaF,{X)dF^{Y)) , X,Y e T{TN), 

where V denotes the Levi-Civita connection of M and tTj^tv the orthogonal 
projection onto the normal bundle lyN of N. The mean curvature vector 
field H G T{i'N) of N is defined as the trace of the second fundamental form 
with respect to the induced Riemannian metric on N. 

Definition 2.1. A smooth one parameter family {-^(-jijjtGpjT); T > 0, of 
immersions of N into M is evolving by mean curvature flow if 

dF 

— (x, t) = H{x, t), (x, t)eNx (0, T) 
dt (1) 

F{x,0) = Fo{x), X G N. 

The mean curvature flow is a quasilinear parabolic system and hence, 
if N is compact, short time existence and uniqueness for given initial data 
is guaranteed by standard theory of quasilinear parabolic PDEs, see for 
instance Ladyzhenskaja et al. [6J. 

From now on and throughout this paper we let (M, J,Ld,g) denote a 
compact Kahler manifold of real dimension 2n with complex structure J, 
Kahler form ui, and Kahler metric g. The Kahler form and Kahler metric 
are related by g{JX,Y) = Cd{X,Y), for X,Y £ r(TM). The Levi-Civita 
connection of g is denoted by V and the Riemann curvature tensor ^ of g is 
R{X,Y)Z = VxyyZ-VyVx^-V[x,y]^, fov_X,Y,Z £ T{TM). Moreover 
the Ricci tensor Ric of g is Ric{X, Y) = trace R{.,X)Y, for X,Y £ r{TM), 
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and the Ricci form p, which is a real (l,l)-form, is defined by p{X,Y) = 
Ric{JX,Y). 

Let L be a compact manifold of real dimension n and Fq : L — > M an 
immersion of L into M. The induced Riemannian metric on L is g = FqQ, 
and we set lo = FqUj. Assume now that Fq is a Lagrangian immersion, i.e. 
cj = 0. We recall some basic geometric properties of Lagrangian submani- 
folds. For any normal vector field ^ € r(z^L) there is a corresponding one 
form on L given by = Fq{^ j oj). The one- form an = Fq{H j oj) 
is called the mean curvature form and it satisfies the following important 
relation first proved by Dazord in [1]: 

Proposition 2.2. The mean curvature form an satisfies 

dan = FqP. 

In particular by Cartan's formula we find 

Fo* {ChC^) = Fo* {d {H J oj)) + Fo* {H j dCj) = F^p. 

Hence, if M is Kahler-Einstein, i.e. p = Aw for some A G M, then it follows 
that the deformation of a Lagrangian submanifold in the direction of the 
mean curvature vector field is an infinitesimal symplectic motion. A natural 
question that arises now is whether the Lagrangian condition is preserved 
under the mean curvature flow. This question was answered positively by 
Smoczyk in 

Theorem 2.3. Let L he a compact n-dimensional manifold and let Fq : 
L — > M be a Lagrangian immersion into a compact Kahler-Einstein mani- 
fold M . Then the mean curvature flow admits a unique smooth solution for 
a short time and this solution consists of Lagrangian suhmanifolds. 

3 Generalized Lagrangian mean curvature flow in 
Kahler manifolds that are almost Einstein 

Definition 3.1. An n-dimensional Kahler manifold {M, J,u!,g) is called 
almost Einstein if 

p = Xu! + ndd^tp 
for some constant A G M and some smooth function ip on M . 

Prom now on we additionally assume that our Kahler manifold (M, J,u),g) 
is almost Einstein. Given an immersion Fq : N — > M of a manifold into 
M we define a normal vector field K G r(z^A^) along A^ by 

K = H - m:^M (VV') • 
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We call K the generalized mean curvature vector field of A^. Now let L 
be an n-dimensional manifold and Fq : L — > M a Lagrangian immersion. 
Then the deformation of L in direction of the generalized mean curvature 
vector field is an infinitesimal symplectic motion. Indeed by Dazord's result 
we have 

Fq* {Ckoj) = daH + nF^ {d {d^p o J)) = Fq* {p - ndd^ip) = XF^Cd = 0. 

Also observe that if M is Kahler-Einstein, then K is the mean curvature 
vector field. 

In the remainder we study the generalized mean curvature flow 
dF 

— (x, t) = K{x, t), {x, t)eLx (0, T) 

F{x,0) = Fo{x), xeL, 

for a given Lagrangian immersion Fq : L — > M of a compact n-dimensional 
manifold L into M and {-F(., t)}jg[o,T) ^ smooth one-parameter family of 
immersions of L into M. In order to establish the short time existence and 
uniqueness of this flow observe that K as a differential operator differs from 
H just by lower order terms. Hence K and H have the same principal 
symbol, so short time existence and uniqueness for ([2]) follows immediately. 

Now let {F{., i)}f(=[o,T) be the solution to the generalized mean curvature 
flow ([2|). In the remaining part of this chapter we show that F{., t) : L — > M 
is Lagrangian for each t G (0, T). As before we denote g = F{.,t)*g 
and oj = F{.,t)*u!. Furthermore V will denote the Levi-Civita connec- 
tion of g and R the Riemannian curvature tensor of g. Let p G L and 
choose normal coordinates {x*} on L around p at time t € (0,r) and co- 
ordinates {y"} on M around F{p,t). We have to introduce some nota- 
tion. We denote = §§[i-it) and we define tensors N and rj hy Ni = 
N{ei) = TTuiiJei) and rjij = T]{ei,ej) = g{Nei,Nej). Moreover we set 
hijk = h{ei,ej,ek) = — 5 (A^Cj, Ve^Cfc). Observe that hijk is symmetric in 
the last two indices and fully symmetric if F{.,t) is Lagrangian. We also de- 
note Rkiji = R{ek, ei, ej, N{ei)). The following formula proved by Smoczyk 
[111 Lem. 1.4] will be of use later: 

Lemma 3.2. 

V;/lfctj — Vkhlij = Rklji + VjViidik + idj^Rkljm + i^k^Rljim 

+Ull^ Rjkim + V"^^^n {f^mljhski — hmkjhsli) 

We start by computing the evolution equations of gij and ujij at p G L 
and time t. 

Lemma 3.3. 

^^ij = {daK)ij 

ii) j^Qij = -2if''{aH)mhnij + 2ndilj{nij). 
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Proof. 



d _ OF" dPP 
dt""' 



dx^ dx^ dt J 



dx^ dt dxi 
QK» dP^ dRl^ ^ 

3x* dx^ dx^ dxi J 
fdK dP\ _ fdK dP 
\ dx'- ' dx^ J \ dxi ' (9x* 



{duK) 



d _ _ f d dP dP\ _ fdP d dP 
^^Qij 9 y^Q^i ' Qrj.j J 3 y5x*' dxi dt 

_ fdK dP\ _ (dK dP 

^ \ dx'^ ' dx^ J ^ \ dxi ' Qx^ 



(Q2p \ / _ / Q2p 

^' dx'^dxi ) ~^ '^^^ y^i^^'^^uL yQj.zQ^j 
-2r?™"(aH)m/i™j +2n# (11,^). 



□ 



Using Lemma [32] and Lemma [3. 3 1 we can now proceed as in [llj to prove 
the following lemma. 

Lemma 3.4. Let < t < T , then there exists a constant C > such that 
for all t G [0, r] 

< Alwp + ndip (Vl^n + Clwp. 
dt ' 

Proof. Denote Y = tTi^lCViP), so that K = H — nY. Then 

d , ,n d 



2 ^ J^n'^k jl 



dV ' dt 



g g-' ujmj^kl 



-ZUJ UJ i—g.nik + ^UJ -T-^kl 

dt dt 
-iJ^'uj^, [-2rf\an)shtmk + 2ndV (lUfc)) 

+20;'=' (Vfc(a//)i - Vz(ajy)fc - n{daY)u) 
^ij'^uf^ff\an)shtmk - ^nJ^^uT'^d^ (lUfe) 

+20;'=' iy^{aH)i - V/(aH)fc) - 2niJ'\daY)ki 
Au;''^uj"'ir]'\aH)shtmk - 4.nuj''^u"'idtjj (llmk) 

+2uj''^gPi {Vkhipg - Vihkpg) - 2nuj^\daY)ki 
Au''^u"'ir]'\aH)shtmk - Anu''^ oj'^idip (lUfc) 
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+rj"''^uj^ * {h„ikqhsip — hmiqhskp) ) — '^nuj''\daY)ki 

-|Va;|2 + 2a.^'c./i?,/, + 2u'^u^, ^R/^^ + 2u^WR\ps 

+2a;^S-*a;/ {h^k^^slp - h^Kkp) - 2nu^\daY)kl- 
For terms of the form oj^^'oo'^-T^^^^ we have 

s,l \ m,i , 

2 



< + X i^rnlf{Ti,iraf < (l + n^lT^) 



Since L x [0, r] is compact we can choose a constant C > such that for all 
iG [0,r] 

j^\uj\^ < ^\u\^ + C\u\^ + 2uJ''^R^^Pp-2nuJ^\daY)lk■ 
l\, remains to find an estimate for the last two terms. We have 

(ay); = w (vr^L (VV') ,ei) 

= -g {Vip, J{ei)) - g'^^g {Vip, e^) w (e^, ei) 

= d''ip{ei)-g"'''dtp{ek)ujmi, 

and hence 

d d 



d ■ d 

{g""^ d'4^{ej)u^l) + — ^ {g'^^diPiejP^k) 



d 

= dd"'^ {ek,ei)- g^^ Umi ^ dipiej ) 

Multiplying both sides with —2nuj^\ using the almost Kahler-Einstein con- 
dition, and estimating the quadratic terms in u we get 



-2nu^\daY)kl < C\Lof - 2u^^^ pki + 2ng"'^oj''^d'ip{ej) 



diO„,i duJrnk 

dx^ dx'- 
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Using that lo is closed we find 



dujki 



1 m,-^l 
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Putting all together yields 

Now by definition of the tensor we have N{ep) = J{ep) — w^^em and so 

Rlkqp = R{ei, ek,eq, J{ep)) — idp'^Ri^qm- 

Multiplying both sides with 2uj^''gf"^ and estimating the quadratic term in lo 
gives 

2^^=' < 2u'''gPm{ei,ek,eq, J{ep)) + 
Using the following well known identity from Kahler geometry 

gP''R{ei,ek,eq,J{ep)) = Pki, 

we finally obtain 

d 



at ^ ' 



□ 



Applying the parabolic maximum principle we conclude that F{.,t) : 
L — > M is Lagrangian for each t G [0,T). This motivates the following 
definition: 

Definition 3.5. A family of Lagrangian suhmanifolds satisfying ^ is said 
to evolve by generalized Lagrangian mean curvature flow. 

And we have proved the following theorem: 

Theorem 3.6. Let L be a compact n-dimensional manifold and Fq : L — > 
M a Lagrangian immersion of L into a compact Kahler manifold M that 
is almost Einstein. Then the generalized Lagrangian mean curvature flow 
admits a unique smooth solution for a short time and this solution consists 
of Lagrangian suhmanifolds. 
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4 A variational approach to the generalized mean 
curvature flow 



Let S be the infinite dimensional manifold consisting of all compact n- 
dimensional submanifolds of M. In this chapter we show that the gener- 
alized mean curvature flow is the gradient flow of a volume functional on S. 
Let N S, then the tangent space of 5 at consists of the normal vector 
fields along N and for any Riemannian metric g on M there is a natural 
L^-metric on »S given by 



for Y,Z € r{i^N). 

We define two conformally rescaled Riemannian metrics g and ^ on M 

by 

g = e^g and g = 6^^+^ g. 

Then we have the following variational characterization of the generalized 
mean curvature flow: 

Proposition 4.1. The generalized mean curvature flow is the negative gra- 
dient flow of the volume functional Volg on S with respect to the -metric 

(•>-)§,L2- 

Proof. Let N & S and let y be a normal vector field along N. Then the 
first variation of the volume functional gives 



where H is the mean curvature vector field on N with respect to the metric 
on A'' which is induces hy g. It is easy to show that 





H 



Hence 




□ 
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5 The case of almost Calabi-Yau manifolds 



We introduce almost Calabi-Yau manifolds and special Lagrangian subman- 
ifolds as defined by Joyce in [3l §8.4]. 

Definition 5.1. An n- dimensional almost Calabi-Yau manifold (Af, J, ui, g, il) 
is an n-dimensional Kdhler manifold (M, J, a), g) together with a non-vanishing 
holomorphic volume form fi. 

Given an n-dimensional almost Calabi-Yau manifold (M, J,Lj,g,Q) we 
can define a smooth function ip on M hy 

Here Cl denotes the complex conjugate of Q. Then (M, J, O, g, il) is Calabi- 
Yau if and only if vanishes identically. Using = 2 2 e"'^ and the follow- 
ing formula for the Ricci form of a Kahler manifold with trivial canonical 
bundle (see for instance [31 §7.1]) 

P = dd'^ log \U.\g 

we find 

p = ndd'^ip. 

Hence almost Calabi-Yau manifolds are almost Einstein and Theorem 13.61 
holds in this case. Let g be a conformally rescaled metric on M defined by 
g = e^'^g. One easily proves that Re 17 is a calibrating n-form on {M,g). 
This leads to the definition of special Lagrangian submanifolds in almost 
Calabi-Yau manifolds. 

Definition 5.2. An oriented Lagrangian submanifold L of an almost Calabi- 
Yau manifold M is called special Lagrangian if it is calibrated with respect to 
Re Q for the metric g. More generally, an oriented Lagrangian submanifold 
L is special Lagrangian with phase 9q € M, if L is calibrated with respect to 
Re(e~*^T2) for the metric g. 

Besides the fact that one is able to write down explicit examples of al- 
most Calabi-Yau metrics on compact manifolds there is another reason for 
studying almost Calabi-Yau manifolds. Recall that by the theorem of Tian 
and Todorov the moduli space M.cY of Calabi-Yau metrics of a compact 
Calabi-Yau manifold is of dimension h^^^{M)+2h'^-'^^'^{M)+l, where h''^ (M) 
are the Hodge numbers of M. In particular A4cy is finite dimensional. In 
the study of moduli spaces of J-holomorphic curves in symplectic mani- 
folds it turns out that for a generic almost complex structure J the moduli 
space A4j of embedded J-holomorphic curves is a smooth manifold, while 
for a fixed almost complex structure J the space Aij can have singularities 
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(see [8] for details). Now the moduli space Macy of almost Calabi-Yau 
structures is of infinite dimension and therefore choosing a generic almost 
Calabi-Yau metric is a more powerful thing to do than choosing a generic 
Calabi-Yau metric. We explain why this is of certain interest. It was proved 
by McLean [9] that the moduli space of compact special Lagrangian sub- 
manifolds MsL in a Calabi-Yau manifold is a smooth manifold of dimension 
b^{L), the first Betti number of L. An important question is whether it is 
possible to compactify Msl order to count invariants of Calabi-Yau man- 
ifolds. One approach to this problem, due to Joyce, is to study the moduli 
space of special Lagrangian submanifolds with conical singularities in almost 
Calabi-Yau manifolds (see [5j for a survey of his results). In particular Joyce 
conjectures that for generic almost Calabi-Yau metrics the moduli space of 
special Lagrangian submanifolds with conical singularities is a smooth finite 
dimensional manifold. 

We come back to the study of the generalized Lagrangian mean curva- 
ture flow. First observe that special Lagrangian submanifolds in an almost 
Calabi-Yau manifold M are minimal with respect to g. By Proposition 14.11 
the generalized Lagrangian mean curvature flow decreases volume with re- 
spect to g. Therefore the generalized Lagrangian mean curvature flow is in 
this sense the right flow to consider. Harvey and Lawson show in [2] that 

for Fq : L — > M a Lagrangian immersion. The map 9 : L — > is called 
the Lagrangian angle of L. From this we obtain an alternative characteri- 
zation of special Lagrangian submanifolds. 

Proposition 5.3. An oriented Lagrangian submanifold L is special La- 
grangian with phase 6q if and only if 

(cos ^0 Ini J7 — sin 6o Re = 0. 

In particular, an oriented Lagrangian submanifold is special Lagrangian with 
phase Oq if and only if the Lagrangian angle is constant 9 = 9q. 

The Lagrangian angle is closely related to the generalized Lagrangian 
mean curvature flow as proved in the next proposition. 

Proposition 5.4. Let L be a Lagrangian submanifold of M . Then 

ax = —d9. 

Proof. The decomposition 

p+q=n 
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is invariant under the holonomy representation of g. Hence there exists a 
complex one form rj on M satisfying Vfi = r/ (g) $7. Moreover, since is 
holomorphic, r/ is in fact a one form of type (1,0). Using O A = e'^^'^dVg 
we find by computing V (O A the equahty 

(rj + fj) i^Q AO, = 2ndip (g) A il. 

Hence r/ = 2ndip and so VO = 2ndip ® O. Following the computation by 
Thomas and Yau [15', Lem. 2.1] we obtain 

VU = {idO + ndtp + ian) ® ^ 

and establish the equality 

Oh — nd^ifj = —dO. 

But an — nd^ip = ax and hence ax = —dO. □ 

Now let {F{-T't)}t£[Q,T) be the solution to the generalized mean curvature 
flow with initial condition Fq : L — > M a Lagrangian immersion. Then we 
have the following proposition: 

Proposition 5.5. Under the generalized Lagrangian mean curvature flow 
the Lagrangian angle of L satisfies 

^6 = M + ndip{Ve). 

Proof. On the one hand 

die+n^^y^ = i^e'^+'^'f'dVg + ndi^{K)e'^+''^dVg + e'^+^'^-^dVg 

and on the other hand, using F{.,t)*Q = e^^^^^ dVg, we have 

^gie+n^^y^ = F{.,t)*{CK^) = F{.,t)*{d{K J n))+F{.,t)*{K J dn). 

Since is holomorphic, dil. = 0. Moreover by Proposition 15.41 we have 
K = J(V0) and hence 

F{.,ty{d{K jQ)) = iF{.,ty{d{v0 jn)) = id{e'^+''^ve jdVg) 

= ie'^+''^ {d{Ve J dVg) + ndV A (V0 j dVg)) 



le 



i9+nip 



-e'^+^'^de A (V0 J dVg) 

{A9 + ndil^iVe)) dVg - e'^+'''^\Ve\'^dVg. 



Comparing imaginary parts yields 



^9 = M + ndilj{Ve). 



□ 



12 



We end this paper by showing how the generahzed Lagrangian mean cur- 
vature flow in an almost Calabi-Yau manifold can be integrated to a scalar 
equation. Let u be the canonical symplectic structure on the cotangent bun- 
dle T*L of L. Then by the Lagrangian neighbourhood theorem \T\ Thm. 
3.33] there exists an immersion <1> : U — > V from an open neighbourhood 
U of the zero section in T*L onto an open neighbourhood V of L in M, 
such that uj = ^*oj and <I>(x,0) = Fq{x) for x € L. It is not hard to see 
that all Lagrangian submanifolds in M which are C^-close to L correspond 
to graphs in T*L of closed one- forms on L. 

Theorem 5.6. Let Fq : L — > M be a zero Maslov class Lagrangian, i.e. 
6 : L — > M is a well defined smooth function on L, let ^ he as above, and 
let {^(-j i)}tG[o,T) ^6 a smooth one-parameter family of smooth functions on 
L satisfying 

du 

— ix,t) = eix,t),{x,t)eLx{0,T) 
u{x, 0) = 0, X G L. 

Here 0{.,t) denotes the Lagrangian angle of the Lagrangian immersion ^ o 
du{.,t) of L into M. Choosing T > sufficiently small we can assume that 
the graph ofdu{.,t) lies in U fort € [0,T). Then there exists a family of dif- 
feomorphisms {</'(•) *)}te[o,T) of L, such that the immersions {-^(-j t)}te[o,T) 
of L into M defined by 

F{x,t) = ^{(f{x,t),du{(f{x,t),t)), X e L, 

evolve by generalized Lagrangian mean curvature flow. 

The proof of this theorem can be found in [lOj in the case when the 
ambient space is C". When the ambient space is a general almost Calabi- 
Yau manifold the proof is analogous. 



References 

[1] P. Dazord, Sur la geometric des sous-fibres et des feuilletages lagrang- 
iens, Ann. Sci. Ecole Norm. Sup. (4) 14 (1981), no. 4, 465-480 (1982). 

[2] R. Harvey, H. B. Lawson Jr., Calibrated geometries, Acta Math. 148 
(1982), 47-157. 

[3] D. D. Joyce, Riemannian holonomy groups and calibrated geometry, 
Oxford Graduate Texts in Mathematics, 12. Oxford University Press, 
Oxford, 2007. 

[4] D. D. Joyce, Special Lagrangian submanifolds with isolated conical sin- 
gularities. IL Moduli spaces, Ann. Global Anal. Geom. 25 (2004), no. 
4, 301-352. 



13 



[5] D. D. Joyce, Special Lagrangian submanifolds with isolated conical sin- 
gularities. V. Survey and applications, J. Differential Geom. 63 (2003), 
279-347. 



[6] O. A. Ladyzenskaja, V. A. Solonnikov, N. N. Ural'ceva, Linear and 
quasilinear equations of parabolic type, Translations of Mathematical 
Monographs, Vol. 23 American Mathematical Society, Providence, R.I. 
1967. 

[7] D. McDuff, D. Salamon, Introduction to symplectic topology. Second 
edition, Oxford Mathematical Monographs, The Clarendon Press, Ox- 
ford University Press, New York, 1998. 

[8] D. McDuff, D. Salamon, J -holomorphic curves and quantum coho- 
mology. University Lecture Series, 6. American Mathematical Society, 
Providence, RI, 1994. 

[9] R. McLean, Deformations of calibrated submanifolds. Comm. Anal. 
Geom. 6 (1998), no. 4, 705-747. 

[10] K. Smoczyk, Longtime existence of the Lagrangian mean curvature 
flow, Calc. Var. 20, 25-46 (2004). 

[11] K. Smoczyk, A canonical way to deform a Lagrangian submanifold, 
iarXiv:dg-ga/9605005, (1996). 

[12] K. Smoczyk, M.-T. Wang, Generalized Lagrangian mean curvature flow 
in symplectic manifolds. iarXiv:0910.2667. (2009). 

[13] K. Smoczyk, M.-T. Wang, Mean curvature flows of Lagrangians sub- 
manifolds with convex potentials, J. Differential Geom. 62 (2002), no. 
2, 243-257. 

[14] A. Strominger, S.-T. Yau, E. Zaslow, Mirror symmetry is T-duality, 
Nuclear Phys. B 479 (1996), no. 1-2, 243-259. 

[15] R. P. Thomas, S.-T. Yau, Special Lagrangians, stable bundles and mean 
curvature flow, Comm. Anal. Geom. 10 (2002), no. 5, 1075-1113. 

[16] G. Tian, Smoothness of the universal deformation space of compact 
Calabi- Yau manifolds and its Petersson- Weil metric. Mathematical as- 
pects of string theory (San Diego, Calif., 1986), 629-646, Adv. Ser. 
Math. Phys., 1, World Sci. Publishing, Singapore, 1987. 

[17] A. Todorov, The Weil-Petersson geometry of the moduli space of 
SU(n > 3) (Calabi-Yau) manifolds. I, Comm. Math. Phys. 126 (1989), 
no. 2, 325-346. 



14 



[18] M.-T. Wang, Mean curvature fl,ow of surfaces in Einstein four- 
manifolds, J. Differential Geom. 57 (2001), no. 2, 301-338. 

[19] J. Wolfson, Lagrangian homology classes without regular minimizers, 
J. Differential Geom. 71 (2005), no. 2, 307-313. 

[20] S.-T. Yau, On the Ricci curvature of a compact Kdhler manifold and 
the complex Monge-Ampere equation. I, Comm. Pure Appl. Math. 31 
(1978), 339-411. 

LINCOLN COLLEGE, TURL STREET, 0X1 3DR, OXFORD, UNITED KINGDOM 
behrndtSmaths . ox . ac . uk 



15 



